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x n .
The mapping torus T φ = TX I/(x,0) = (φ(x), 1) is then a closed 3-manifold whose/?-fold cover is T X S ι . Examples of such T φ can be obtained, for example, by doing 0-framed surgery on torus knots.
Using polar coordinates (r, θ) for the D 2 factor, define φ: T X D 2 -* T X D 2 by φ(x, r, θ) = (Φ(Λ ), r, θ + 2π/p). Then φ generates an effective Z^ action on TX D 2 . The only points on which φ is not free are points of the form (jc f ,O) in T X D 2 .
Remove an invariant open tubular neighborhood of {(x i9 0)} from TXD 2 , and let M be the quotient manifold. Then T φ C 3M, and for any essential map /: S ι -> T, the composition of fX id az) 2: S ι X 3D 2 -> ΓX 3D 2 with the projection to 3M will be a map which is essential in T φ C 3M but not in M. Yet not only may T φ fail to have an incompressible torus which is inessential in Λf, but may fail to have any incompressible torus. In particular, after 0-framed surgery on a torus knot not of type (2,3) the resulting 3-manifold has no incompressible tori. Note here that π 2 
(M) -π 2 (T X D
2 ) = 0. Faced with such discouraging evidence, it is perhaps surprising that these two situations exhaust the counterexamples, that is, by limiting the size of π 2 (M 4 ) and eliminating a small class of 3-manifolds from consideration, our original question can be answered affirmatively. Explicitly, we say that 9r f .(M), i ^ 2, is small, if there is a subgroup G C π x (M) 
The exceptional 3-manifolds.
Here we show the relation between the counterexamples with boundary T φ discussed above, and the requirement in Theorem 0 that N not be a Seifert fibered space with precisely 3 exceptional fibers.
Suppose N is an orientable, sufficiently large, compact 3-manifold which is a Seifert fibered space with projection/?: N -> S. LEMMA 1.1. If there is no incompressible torus in N containing a regular fiber then S is a sphere and N has precisely 3 exceptional fibers.
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generated by a regular fiber [JS] . Suppose there is an imbedded loop /: S ι «• S inducing an injection of fundamental groups. Homotope / so it intersects no exceptional points (i.e., images of exceptional fibers) in S. Thenp'\f(S 1 )) is a torus Γin N, and the following diagram commutes The fundamental group of the resulting Seifert bundle N' over D 2 injects into that of N, since the covering projection from the torus to the Klein bottle is injective. Hence, if N has more than one exceptional orbit, N' 9 hence N 9 contains the required torus. If there is at most one exceptional orbit M is a prism manifold [Or] , with universal covering space S 3 , and thus not sufficiently large.
If S = S 2 and M has four or more exceptional orbits, then it can be divided into two pieces, each a Seifert fibered space over a disk with two or more exceptional orbits. Their common boundary is the required torus. If there are two or fewer exceptional orbits, M is a Lens space [Or] hence not sufficiently large. This proves 1.1. Proof. Let T be an incompressible surface in N. T fails to separate N, for, if it did, N could be written as the union along the boundary of two Seifert fibered spaces over disks with incompressible common boundary T [He, Theorem 12.8 ]. But each piece would then have at least two exceptional orbits, a contradiction.
Since T fails to separate N, H λ (N) is infinite and iV = T φ [He, Theorem 12.6 ], for φ: T -* T homotopic, hence isotopic [Ni] , to a periodic automorphism. That the fibers of T φ correspond to those of N follows from the uniqueness of Seifert fibrations for these manifolds [Or] .
REMARK. In the first section we showed that if N = T φ9 for φ: T -> T a periodic automorphism, then there is a 4-manifold M with N C 3M such that ker(ir x (N) -• ir x (M)) is generated by the circle factor in the cover T X S λ of T φ = N. Now we have seen that the exceptional 3-manifolds of 1.1 can be written as T φ9 but the circle factor in T X S ι is contained in no incompressible torus. This explains why we must exclude such N from consideration.
Manifolds with small m { .
In this section we prove the one property of manifolds with small ττ i which is needed. Suppose M is a manifold, with universal cover M, and suppose, for some i > 2, that π t (M) is small. Let iCMbea compact set which does not separate M.
Proof. By hypothesis there is a subgroup G C π x (M) of infinite index in its normalizer such that π i (M)/G is finitely generated. Let M G denote the cover of M corresponding to G, and/?^: M -> M the projection. There are a finite collection of maps {βy. S' -> M G ), 1 <y < n, generating 77-(M G ) as a G-module.
Since X is compact, there are only a finite number of covering
is homotopic to a map into a set consisting of U^βyίS") and (by compactness of S"') a finite collection of arcs running from a base point of M G to the βjiS*). In fact, there is a simply connected space y consisting of a finite collection of /-spheres together with arcs joining basepoints to a common point, such that Tp G f is homotopic to a map which factors through Y and the images of the /-spheres of Y in_M G are disjoint from Tp G (X). Applying T~x and lifting, the map/: S x -» M is homotopic to a map factoring through a map /': Y -> M which maps the /-spheres of y into M -X. Since M -X is connected and M is 1-connected, /' is homotopic to a map into M -X. Then so is /.
3. A special case. In this section we consider a special case of Theorem 0 in which the relation between the problem at hand and the loop theorem is crystallized. Let N be the product of an orientable surface S and the circle S\ and assume that an essential torus, inessential in M, is given by the product of an essential map a: S ] -» S and the identity on the S ι factor. We further assume that the kernel of (α X id 5 i) # :
Notice that if χ(S) > 0 there is an incompressible torus in N = S X S ]
which is inessential in M. Indeed, since S is the torus or annulus, a itself is homotopic to a multiple of an imbedded circle. The proof will use two lemmas on surfaces appearing, for example, in [Th] . Suppose S is a geodesically complete compact surface of constant negative curvature. Proof. By compactness, it suffices to show there are only finitely many which pass through a given coordinate chart U C S. In 5, the universal cover of S in the hyperbolic plane, there are only a finite number of lifts of U within a distance / of a given lift U Q of U. Hence it suffices to show that there are only a finite number of geodesies in S which intersect two given lifts ϋ o , U λ and are invariant under the covering translation T: S -» S carrying U o to U v In fact there is exactly one such geodesic. For suppose x 09 y 0 E U o and there are distinct geodesies in S running from x 0 to Γ(JC 0 ), y 0 to T(y 0 ). Connect x 0 to y 0 by another geodesic in ϋ θ9 and T(x 0 ) to T(y 0 ) by its translate under T. This produces a quadrilateral in S with geodesic sides and interior angles summing to 2ττ, contradicting the Gauss-Bonnet theorem. This proves the lemma.
Suppose now χ(S) <
To prove 3.1, choose a geodesically complete metric on S of constant negative curvature. Let § denote the collection of all geodesic maps S ι -» S X q which are null-homo topic in M, do not represent an element of L C π x (S) and are of minimal length /. Lemmas 3.2, 3.3 and the hypothesis of 3.1 assure that § is non-empty. Lemma 3.3 assures that § is finite. We intend to show that, under the hypotheses of 3.1, § consists solely of multiples of imbedded loops. This is equivalent to showing that any element of § contains no transverse self-intersections.
Let Let γ z denote a geodesic homotopic to y i9 0 < / < 2. Since ά 0 and ά, intersect transversally the length of each γ, is less than that of γ,. Furthermore, since the length of γ 2 is /, + / 3 < / and the lengths of γ 0 and Yj are l 2 + l 3 and l x + / 4 respectively, we know the lengths of γ 2 and one of y i9 i -0,1, are less than /. By definition of /, γ 2 and γ f . project to elements of L. But γ 2 γ 0 and y x γ 2 are homotopic to ά 0 and άj respectively, which do not project to elements of L. The contradiction completes the proof.
4. The general case. Our strategy here is to reduce the proof of Theorem 0 to the special case of §3. The torus theorem of Jaco-Shalen, Johannson, and Waldhausen [JS] , [Jo] , [Wa] states that any essential map /: T 2 -» N 9 for N connected, orientable, irreducible and sufficiently large, is homotopic to a map into a Seifert fibered space, with incompressible boundary components, contained in N. We may, therefore, assume that N is a Seifert fibered space. Let F be the fiber of N, q: N -* N/F = S be the projection, and β in ir,(JV) be the class represented by F. By hypothesis, N is not a Seifert fibered space over S 2 with 3 exceptional fibers, so, by 1.1, there is an incompressible torus in TV containing a fiber F. Then if, for some / Φ 0, β ι is trivial in M, we are finished. We henceforth assume, therefore:
β generates a free cyclic subgroup ofπ x (M).
Although N is assumed orientable, S may not be, for a one-sided circle C in S might be covered by a one-sided Klein bottle K in N. But suppose/: T 2 -> TV is essential in JV, and α: S 1 -* N represents a non-trivial element of Clearly, the centralizer of a in ir γ (N) contains f#{τr λ (T 2 )) and so is not cyclic. By [JS] , q(a) is an orientation preserving loop in S 9 and, therefore, may be homotoped off C. It follows that α may be homotoped off K. It suffices to assume, therefore, that S is orientable. Now homotope a so that q{a) is in general position and disjoint from the exceptional points of S (i.e., the images of the exceptional fibers in N). Remove from S small open disks around each exceptional point and also around two ordinary points p l9 p 2 , chosen so that some are between p λ and p 2 intersects q(a) transversally exactly N o = q~\S 0 ).
The removal of all these orbits reduces iV 0 to a trivial bundle over S o . Moreover, our choice of p x and/? 2 ensures that there is a bundle trivialization A: iV 0 -> S o X S ι such that h(ά) is homotopic to q(a) X /?, for some pointp in S ι . Let L C 77,(50 X p) denote the normal subgroup generated by loops around p λ and p 2 in 5 0 X p. Since each such loop is homotopic in N to some power of β, and, by assumption (*), a is not homotopic to any power of /?, it follows that q(a) Xp is not in L. Proof of claim. As in the proof of 1.1, if qh~ιά is essential in 5, then the torus is essential, hence incompressible, in N.
If qh~xa is inessential in S it bounds a disk containing points which were deleted in constructing S o . Such a disk contains at least one image of an exceptional fiber, for otherwise a would be in L. If each such disk contains the image of more than one exceptional fiber then, again as in 1.1, the torus is incompressible.
So suppose qh~ιά contains the image p 0 of exactly one exceptional fiber. Let γ denote a loop around p 0 in a cross-section of N near q~\p 0 ) given by the standard description of N as a Seifert fibered space (see e.g., [Or] ). Then h'\ά) = yβ r for some r, determined by the trivialization h chosen above. Let (s 9 t) be the Seifert invariants of the fiber over /? 0 , 0 < t < s. 
